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Preface
Exam FAM-S discusses the mathematics of short-term insurance. Short-term insurance is insurance for periods of
one year or less. For these lines of insurance, there is no guaranteed renewal, and even if the insurance is renewed
from year to year, premium rates are usually updated every year. Also, there is no cost for switching insurers from
one year to the next. This is unlike long-term insurance such as life insurance.
As a candidate for ASA and FSA, you probably won’t be working in a property/casualty insurance company.
And the typical insurance discussed in this course is auto insurance. But some of the methods we discuss are useful
for medical and dental insurance, products sold by life insurance companies. And some concepts, such as credibility,
are useful for mortality studies and reserving.
Prerequisites for most of the material are few beyond knowing probability (and calculus of course). Some
elementary statistics will be helpful, especially for Part IV of the manual.

This manual
The exercises in this manual
I’ve provided lots of my own exercises, as well as relevant exercises from old exams. Though the style of exam
questions has changed a little, these are still very useful practice exercises which cover the same material—don’t
dismiss them as obsolete!
All SOA or joint exam questions in this manual from exams given in 2000 and later, with solutions, are also
available on the web from the SOA. When the 2000 syllabus was established in 1999, sample exams 3 and 4 were
created, consisting partially of questions from older exams and partially of new questions, not all multiple choice.
These sample exams were not real exams, and some questions were inappropriate or defective. These sample exams
are no longer posted on the web. I have included appropriate questions, labeled “1999 C3 Sample” or “1999 C4
Sample”. These refer to these 1999 sample exams, not to more recent sets of sample questions that may be posted.
Questions from old exams are marked xxx:yy, where xxx is the time the exam was given, with S for spring and
F for fall followed by a 2-digit year, and yy is the question number. Sometimes xxx is preceded with SOA or CAS to
indicate the sponsoring organization. From about 1986 to 2000, SOA exams had 3-digit numbers (like 160) and CAS
exams were a number and a letter (like 4B). From 2000 to Spring 2003, exam 3 was jointly sponsored, so I do not
indicate “SOA” or “CAS” for exam 3 questions from that period. There was a period in the 1990’s when the SOA,
while releasing old exam questions, did not indicate which exam they came from. As a result, I sometimes cannot
identify the source exam for questions from this period. In such a case, I mark the question aaa-bb-cc:yy, where
aaa-bb-cc is the study note number and yy is the question number. Generally aaa is the exam number (like 160), and
cc is the 2-digit year the study note was published.

Another Useful Feature of This Manual
This manual has an index. Whenever you remember some topic in this manual but can’t remember where you saw
it, check the index. If it isn’t in the index but you’re sure it’s in the manual and an index listing would be appropriate,
contact the author.

Tables
At this writing, no tables have been posted on the web for this exam. However, I expect the tables for this exam
to be the same as the ones for the former Exam STAM. The direct address of the tables at this writing is
https://www.soa.org/Files/Edu/2019/2019-02-exam-stam-tables.pdf
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The tables include distribution tables and the following statistical tables: the normal distribution function and
chi-square critical values. They also include 5 formulas.
The distribution tables are an abbreviated version of the Loss Models appendix. Whenever this manual refers to
the tables from the Loss Models appendix in this manual, the abbreviated version will be sufficient.
The tables (on the second page) specify rules for using the normal distribution table that is supplied: Do not
interpolate in the table. Simply use the nearest value. If you are looking for Φ(0.0244), use Φ(0.02). If you are given the
cumulative probability Φ(𝑥) = 0.8860 and need 𝑥, use 1.21, the nearest 𝑥 available. The examples, exercises, and
quizzes in this manual use this rounding method. On real exams, they will try to avoid ambiguous situations, so
borderline situations won’t occur, but my interpretation of the rules (used for problems in this manual) is that if the
third place is 5, round up the absolute value. So I round 0.125 to 0.13 and −0.125 to −0.13.
For the former Exam IFM, a Prometric normal distribution calculator was provided at the exam. This calculator
maintained 5-digit precision for both the standard normal distribution function and its inverse. This precision was
sometimes necessary for delta-heading questions, where small changes might occur in a short (1 day0 period. This
manual uses 5-digit precision in Lesson 31 and in all the practice exam questions based on it. I don’t expect the
Prometric calculator to be provided for this exam. When you work out the practice exams, you will probably get the
correct answer choice even using the rounding rules.

Flashcards
Many students find flashcards a useful tool for learning key formulas and concepts. ASM flashcards, available from
the same distributors that sell this manual, contain the formulas and concepts from this manual in a convenient
deck of cards. The cards have crossreferences, usually by page, to the manual.

Notes About the Exam
Topic weights
The syllabus breaks the course down into 6 topics. Their weights1 and the lessons in the manual that cover them
are:
Topic
1.
2.
3.
4.
5.
6.

Insurance and Reinsurance Coverages
Severity, Frequency, and Aggregate Models
Parametric and Non-Parametric Estimation
Introduction to Credibility
Pricing and Reserving for Short-Term Insurance Coverages
Option Pricing Fundamentals

Weight

Lessons

15–25%
25–30%
10–20%
5–10%
15–25%
5–15%

5–6, 10–13, 15–16
1–4, 14, 17–22
23–25
26–28
7–9
29–31

Since the exam has 20 questions, each 5% is one question.

Guessing penalty
There is no guessing penalty on this exam. So fill in every answer—you may be lucky! Leave yourself a couple of
seconds to do this.

Calculators
A wide variety of calculators are permitted: the TI-30Xa, TI-30X II battery or solar, TI-30X MultiView battery or
solar, the BA-35 (battery or solar), and the BA-II Plus (or BA II Plus Professional Edition). You may bring several
calculators into the exam. The MultiView calculator is considered the best one, due to its data tables which allow
fast statistical calculations. The data table is a very restricted spreadsheet. Despite its limitations, it is useful.
1The weights listed in the syllabus are for the full FAM exam. I’ve doubled the weights so that they represent the weights for FAM-S.
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Table 1: Twelve Week Study Schedule for Exam STAM

Week
1
2
3
4
5
6
7
8
9

Subject

Lessons

Rarely Tested

Probability basics
Short term insurances and loss reserves
Ratemaking
Severity modifications
Reinsurance, risk measures, and frequency
Aggregate loss
Maximum likelihood
Credibility
Option Pricing

1–4
5–7
8–9
10–12
13–18
19–22
23–25
26–28
29–31

2.3, 2.4

14.4, 14.5, 16, 17.2
19.3
27

Another feature of the Multiview is storage of previous calculations. They can be recalled and edited.
Other features which may be of use are the K constant and the table feature, which allows calculation of a
function at selected values or at values in an arithmetic progression.
Financial calculations do not occur on this exam; interest is almost never considered. You will not miss the lack
of financial functions on the Multiview.

Study Schedule
Different students will have different speeds and different constraints, so it’s hard to create a study schedule useful
for everybody. However, I offer a sample 9-week study schedule, Table 1, as a g uide. The last column lists rarely
tested materials so you can skip those if you are behind in your schedule. Italicized sections in this column are, in
my opinion, extremely unlikely exam topics.

Errata
Please report any errors you find. Reports may be sent to the publisher (mail@studymanuals.com) or directly to me
(errata@aceyourexams.net).
An errata list will be posted at http://errata.aceyourexams.net

Acknowledgements
I wish to thank the Society of Actuaries and the Casualty Actuarial Society for permission to use their old exam
questions. These questions are the backbone of this manual.
I wish to thank Donald Knuth, the creator of TEX, Leslie Lamport, the creator of LATEX, and the many package
writers and maintainers, for providing a typesetting system that allows such beautiful typesetting of mathematics
and figures. I hope you agree, after looking at mathematical material apparently typed with Word (e.g., the Dean
study note) that there’s no comparison in appearance.
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Lesson 1

Basic Probability
Reading: Loss Models Fifth Edition 3.1–3.2

Before you start this lesson . . .

Have you read the preface?
You may be familiar with textbooks with long prefaces which assume that you’re already familiar with all the
material. These prefaces contain reflections of the author on the course, stories about how the book came to be,
acknowledgements to the author’s family for having patience while the author was ignoring them and working on
the book, etc.
The preface to this manual is nothing like that!
The preface is short and has information you need immediately to use this manual. It will answer questions
such as:
• How the hell am I supposed to know all the moments of the gamma distribution? (First example in this
lesson)
• The author’s solution to his exercise looks wrong! Is there an errata list?
• The author’s solution to his exercise looks wrong, and there’s nothing in the errata list! What do I do now?
• The author’s solution to his exercise looks right. Which of my friends should I thank for that?
• I remember reading someplace in the manual about a Fisher information matrix, but can’t remember where
it is. What do I do now?
The preface also has some information which you don’t need immediately, but will be of interest eventually.
For example, “What is the distribution of exam question by topic?”
So please, take 5 minutes of your valuable time to read the preface.
Loss Models begins with a review of probability.
This lesson is a very brief summary of probability. If you aren’t familiar with probability already, and find this
summary inadequate, you can read chapters 2 and 3 in Loss Models. If that isn’t enough, you’ll have to study a
probability textbook. (Did you ever take Exam P/Exam 1?)

1.1

Functions and moments

The cumulative distribution function of a random variable 𝑋, usually just called the distribution function, is the
probability 𝐹(𝑥) = Pr(𝑋 ≤ 𝑥). It defines 𝑋, and is right-continuous, meaning lim ℎ→0 𝐹(𝑥 + ℎ) = 𝐹(𝑥) for ℎ positive.
Some random variables are discrete (there are isolated points 𝑥 𝑖 at which Pr(𝑋 = 𝑥 𝑖 ) is nonzero) and some are
continuous (meaning 𝐹(𝑥) is continuous, and differentiable except at a countable number of points). Some are
mixed —they are continuous except at a countable number of points.
Some probability functions are:
FAM-S Study Manual
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Figure 1.1: Relationships between probability functions

• 𝑆(𝑥) is the survival function, the complement of 𝐹(𝑥), the probability of surviving longer than 𝑥, Pr(𝑋 > 𝑥).
• For a continuous random variable, 𝑓 (𝑥) is the probability density function. 𝑓 (𝑥) =

d
d𝑥 𝐹(𝑥).

• For a discrete random variable, 𝑝(𝑥) is the probability mass function. 𝑝(𝑥) = Pr(𝑋 = 𝑥). Often, 𝑓 (𝑥) satisfies
the same relations for continuous variables as 𝑝(𝑥) does for discrete variables.
• ℎ(𝑥) is the hazard rate function. ℎ(𝑥) = 𝑆(𝑥) = − d lnd𝑥𝑆(𝑥) . In International Actuarial Notation, 𝜇𝑥 is used for
this. ℎ(𝑥) is like a conditional density function, the conditional density given survival to time 𝑥.
𝑓 (𝑥)

• 𝐻(𝑥) is the cumulative hazard rate function.
𝐻(𝑥) =

∫

𝑥

ℎ(𝑡)d𝑡 = − ln 𝑆(𝑥)

−∞

The distributions we will use will almost always assume nonnegative values only; in other words,Pr(𝑋 < 0) = 0.
When the probability of a negative number is 0, we can set the lower bound of the integral to 0 instead of −∞.
A schematic relating these probability functions is shown in Figure 1.1.
Why do we bother differentiating 𝐹 to obtain 𝑓 ? Because the density is needed for calculating moments. Moments
of a random variable measure its center and dispersion. The expected value of 𝑋 is defined by

∫

∞

𝑥 𝑓 (𝑥)d𝑥

E[𝑋] =
−∞

and more generally the expected value of a function of a random variable is defined by

∫

∞

E[𝑔(𝑋)] =

𝑔(𝑥) 𝑓 (𝑥)d𝑥

−∞

For discrete variables, the integrals are replaced with sums.
The 𝑛 th raw moment of 𝑋 is defined as 𝜇′𝑛 = E[𝑋 𝑛 ]. 𝜇 = 𝜇′1 is the mean. The 𝑛 th central moment of 𝑋 (𝑛 ≠ 1) is
defined as 𝜇𝑛 = E[(𝑋 − 𝜇)𝑛 ].1 Usually 𝑛 is a positive integer, but it need not be.
Expectation is linear, so the central moments can be calculated from the raw moments by binomial expansion.
In the binomial expansion, the last two terms always merge, so we have
𝜇2 = 𝜇′2 − 𝜇2
𝜇3 =
𝜇4 =

𝜇′3
𝜇′4

−
−

3𝜇′2 𝜇
4𝜇′3 𝜇

3

instead of 𝜇′2 − 2𝜇′1 𝜇 + 𝜇2

+ 2𝜇

instead of

+ 6𝜇′2 𝜇2 − 3𝜇4

instead of

𝜇′3
𝜇′4

−
−

3𝜇′2 𝜇
4𝜇′3 𝜇

+
+

3𝜇′1 𝜇2
6𝜇′2 𝜇2

(1.1)
3

−𝜇

(1.2)

− 4𝜇′1 𝜇3 + 𝜇4

Special functions of moments are:
1This 𝜇𝑛 has no connection to 𝜇𝑥 , the force of mortality, part of International Actuarial Notation used in the study of life contingencies.
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• The variance is Var(𝑋) = 𝜇2 , and is denoted by 𝜎2 .
• The standard deviation 𝜎 is the positive square root of the variance.
• The skewness is 𝛾1 = 𝜇3 /𝜎3 .
• The kurtosis is 𝛾2 = 𝜇4 /𝜎 4 .
• The coefficient of variation is 𝜎/𝜇.
Skewness measures how weighted a distribution is. Roughly speaking, positive skewness indicates heavier
weight on numbers above the mean and negative skewness indicates higher weight on numbers below the mean. A
normal distribution has skewness of 0.
Kurtosis measures how flat a distribution is. A distribution with more values further away from the mean has
higher kurtosis. A normal distribution has kurtosis of 3.
Skewness, kurtosis, and coefficient of variation are dimensionless. This means that if a random variable is
multiplied by a positive constant, these three quantities are unchanged.
We will discuss important things you should know about variance in Lesson 3. For the meantime, let’s repeat
formula (1.1) using different notation, since it’s so important:
Var(𝑋) = E[𝑋 2 ] − E[𝑋]2
Many times this is the best way to calculate variance.
For two random variables 𝑋 and 𝑌:
• The covariance is defined by Cov(𝑋 , 𝑌) = E (𝑋 − 𝜇𝑋 )(𝑌 − 𝜇𝑌 ) .





• The correlation coefficient is defined by 𝜌𝑋𝑌 = Cov(𝑋 , 𝑌)/(𝜎𝑋 𝜎𝑌 ).
As with the variance, another formula for covariance is
Cov(𝑋 , 𝑌) = E[𝑋𝑌] − E[𝑋] E[𝑌]
For independent random variables, Cov(𝑋 , 𝑌) = 0. Also, the covariance of a variable with itself is its variance:
Cov(𝑋 , 𝑋) = Var(𝑋).
When there are two random variables, one can extract single variable distributions by summing (discrete) or
integrating (continuous) over the other. These single-variable distributions are known as marginal distributions.
A 100𝑝 th percentile is a number 𝜋 𝑝 such that 𝐹(𝜋 𝑝 ) ≥ 𝑝 and 𝐹(𝜋−𝑝 ) ≤ 𝑝. If 𝐹 is strictly increasing, it is the unique
point at which 𝐹(𝜋 𝑝 ) = 𝑝. A median is a 50th percentile. We’ll say more about percentiles later in this lesson.
A mode is 𝑥 such that 𝑓 (𝑥) (or Pr(𝑋 = 𝑥) for a discrete distribution) is maximized.
The moment generating function is 𝑀𝑋 (𝑡) = E[𝑒 𝑡𝑋 ] and the probability generating function is 𝑃𝑋 (𝑡) = E[𝑡 𝑋 ].
One useful thing proved with moment generating functions is that a sum of 𝑛 independent exponential random
variables with mean 𝜃 is a gamma random variable with parameters 𝛼 = 𝑛 and 𝜃.
Example 1A
For the gamma distribution, as defined in the Loss Models Appendix:2
1. Calculate the coefficient of variation.
2. Calculate the skewness.
3. Calculate the limit of the kurtosis as 𝛼 → ∞.
4. If 𝑋 has a gamma distribution with 𝛼 = 5 and 𝜃 = 0.1, calculate E[𝑒 𝑋 ].
Solution:

■

1. The appendix indicates that E[𝑋 𝑘 ] = (𝛼 + 𝑘 − 1)(𝛼 + 𝑘 − 2) · · · (𝛼)𝜃 𝑘 . Hence
E[𝑋 2 ] = (𝛼 + 1)𝛼𝜃2
E[𝑋]2 = 𝛼 2 𝜃2
𝜎2 = 𝛼𝜃2

2Have you downloaded the tables from the SOA website yet? If not, please download them now, so that you will understand the solution to
this example. See page ix for instructions on where to find them.
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So the coefficient of variation is

√

𝛼𝜃
𝛼𝜃

=

1
√
𝜶

.

2. Note that all terms in the numerator and denominator have a factor of 𝜃3 , which cancels and therefore may be
ignored. So without loss of generality we will set 𝜃 = 1. The numerator of the skewness fraction is
E[𝑋 3 ] − 3 E[𝑋 2 ]𝜇 + 2𝜇3 = (𝛼 + 2)(𝛼 + 1)𝛼 − 3(𝛼 + 1)𝛼 2 + 2𝛼 3
= 𝛼 3 + 3𝛼 2 + 2𝛼 − 3𝛼 3 − 3𝛼 2 + 2𝛼 3
= 2𝛼
The denominator is 𝛼 3/2 , so the skewness is

. This goes to 0 as 𝛼 goes to ∞.

2
√
𝜶

3. Once again, 𝜃 may be ignored since 𝜃4 appears in both numerator and denominator. Setting 𝜃 = 1, the variance
is 𝛼 and the denominator of the kurtosis fraction is 𝜎4 = 𝛼 2 . The numerator is
E[𝑋 4 ] − 4 E[𝑋 3 ]𝜇 + 6 E[𝑋 2 ]𝜇2 − 3𝜇4 = (𝛼 + 3)(𝛼 + 2)(𝛼 + 1)(𝛼) − 4(𝛼 + 2)(𝛼 + 1)𝛼 2 + 6(𝛼 + 1)𝛼 3 − 3𝛼 4
We only need the highest degree non-zero term, since this will dominate as 𝛼 → ∞. The coefficient of 𝛼4
(1 − 4 + 6 − 3) is zero, as is the coefficient of 𝛼 3 (6 − 12 + 6), leaving 𝛼2 , whose coefficient is 11 − 8 = 3. The
denominator is 𝛼 2 , so the kurtosis goes to 3 as 𝛼 → ∞.
4. This is the moment generating function of the gamma distribution evaluated at 1, 𝑀(1), which you can look
up in the appendix:
𝑀(1) = 1 − 𝜃(1)

 −𝛼

= 0.9−5

However, we’ll carry out the calculation directly to illustrate expected values.
∞

∫

𝑋

E[𝑒 ] =

∞

∫
=

0
∞

∫
=

𝑒 𝑥 𝑓 (𝑥)d𝑥

0

0

𝑒𝑥
𝑥 4 𝑒 −10𝑥 d𝑥
Γ(5)0.15
105 4 −9𝑥
𝑥 𝑒 d𝑥
Γ(5)

 5 ∫
=

10
9

∞

0

95 4 −9𝑥
𝑥 𝑒 d𝑥
Γ(5)

 5
=

10
9

because the final integral is the integral of a gamma density with 𝛼 = 5 and 𝜃 = 19 , which must integrate to 1.

□

Example 1B
For an auto liability coverage, claim size follows a two-parameter Pareto distribution with parameters 𝜃 = 10,000 and 𝛼. Median claim size is 5000.
Determine the probability of a claim being greater than 25,000.
■
Solution: By definition of median, 𝐹(5000) = 0.5. But 𝐹(𝑥) = 1 −
1−



10,000
10,000 + 5000

𝛼


𝜃 𝛼
𝜃+𝑥 ,

= 0.5

𝛼 ln 32 = ln 0.5

𝛼 = 1.7096
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The probability of a claim being greater than 25,000 is 1 − 𝐹(25,000).
1 − 𝐹(25,000) =

1.2



10,000
10,000 + 25,000

 1.7096
= 0.1175

□

Percentiles

Percentiles are a way of summarizing a distribution, an alternative to moments. We will discuss a special use for
them, the Value-at-Risk risk measure, in Lesson 14.
Many times, instead of saying “the 100𝑝 th percentile” (and having to remember to multiply by 100), we prefer to
say “the 𝑝 th quantile” , which means the same thing.
Percentiles are essentially an inverse function. Roughly speaking, if 𝐹(𝑥) is the cumulative distribution for 𝑋, a
𝑞 th quantile is a number 𝑥 such that 𝐹(𝑥) = 𝑞, or in other words it is 𝐹 −1 (𝑞).
Here’s the precise definition again:
A 100𝑝 th percentile of a random variable 𝑋 is a number 𝜋 𝑝 satisfying these two properties:
1. Pr(𝑋 ≤ 𝜋 𝑝 ) ≥ 𝑝
2. Pr(𝑋 < 𝜋 𝑝 ) ≤ 𝑝
If the cumulative distribution function 𝐹 is continuous and strictly increasing, it is the
unique point at which Pr(𝑋 ≤ 𝜋 𝑝 ) = 𝑝.
In other words, the 100𝑝 th percentile is the 𝑥 for which the graph of the cumulative distribution function 𝐹(𝑥) equals or
crosses the vertical level 𝑝.
Common continuous distributions have a cumulative distribution function that is strictly increasing except when
equal to 0 or 1. For these functions, the quantile (other than the 0 and 100 percentiles) is the inverse function, which
is one-to-one. On the other hand, for a discrete distribution, or any distribution with point masses, the inverse may
not be defined or well-defined. At points where the inverse is not defined, a single number will be a 𝑞 th quantile for
many 𝑞’s; at points where the inverse is not well-defined, many numbers will qualify as the 𝑞 th quantile.
Consider the following example:
Example 1C

A random variable 𝑋 has the following distribution:
𝐹(𝑥) = 0.2𝑥
Pr(𝑋 = 2) = 0.35
Pr(𝑋 = 3) = 0.35
Pr(𝑋 = 4) = 0.10
Pr(𝑋 = 𝑥) = 0

Calculate the 15th , 50th , and 90th percentiles of 𝑋.

0≤𝑥≤1

otherwise
■

Solution: A graph of the distribution function makes it easier to understand what is going on. On a graph, the
inverse function consists of starting on the 𝑦-axis, going to the right until you hit the function, then going straight
down. A graph of 𝐹(𝑥) is shown in Figure 1.2.
The 15th percentile has a unique well-defined inverse, s ince 𝐹 (𝑥) is continuous in the area where it is equal to
0.15. The inverse is 0.75; 𝐹(0.75) = 0.15.
𝐹(1) = 0.2 and 𝐹(2) = 0.55; there is no 𝑥 such that 𝐹(𝑥) = 0.5. However, the arrow from 0.5 hits a wall at 𝑥 = 2,
so 2 is the unique 50th percentile. We can verify that 2 is the unique 50th percentile according to the definition given
above: Pr(𝑋 < 2) is no greater than 0.5 (it is 0.2), and Pr(𝑋 ≤ 2) is at least 0.5 (it is 0.55). 2 is also every percentile
from the 20th to the 55th.
The arrow from 0.9 doesn’t hit a wall; it hits a horizontal line going from 3 to 4. There is no unique 90th percentile;
every number from 3 to 4 is a 90th percentile. □
FAM-S Study Manual
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Figure 1.2: Plot of 𝐹(𝑥) in example 1C, illustrating 15th , 50th , and 90th percentiles.

1.3

Conditional probability and expectation

The probability of event 𝐴 given 𝐵, assuming Pr(𝐵) ≠ 0, is
Pr(𝐴 | 𝐵) =

Pr(𝐴 ∩ 𝐵)
Pr(𝐵)

where Pr(𝐴∩𝐵) is the probability of both 𝐴 and 𝐵 occurring. A corresponding definition for continuous distributions
uses the density function 𝑓 instead of Pr:
𝑓 (𝑥, 𝑦)
𝑓𝑋 (𝑥 | 𝑦) =
𝑓 (𝑦)
where 𝑓 (𝑦) = 𝑓 (𝑥, 𝑦)d𝑥 ≠ 0.
Two important theorems are Bayes’ Theorem and the Law of Total Probability:
Theorem 1.1 (Bayes’ Theorem)

∫

Pr(𝐵 | 𝐴) Pr(𝐴)
Pr(𝐵)

Pr(𝐴 | 𝐵) =
Correspondingly for continuous distributions
𝑓𝑋 (𝑥 | 𝑦) =

𝑓𝑌 (𝑦 | 𝑥) 𝑓𝑋 (𝑥)
𝑓𝑌 (𝑦)

Theorem 1.2 (Law of Total Probability) If 𝐵 𝑖 is a set of exhaustive (in other words, Pr(∪𝑖 𝐵 𝑖 ) = 1) and mutually
exclusive (in other words Pr(𝐵 𝑖 ∩ 𝐵 𝑗 ) = 0 for 𝑖 ≠ 𝑗) events, then for any event 𝐴,
Pr(𝐴) =

Õ

Pr(𝐴 ∩ 𝐵 𝑖 ) =

𝑖

Õ

Pr(𝐵 𝑖 ) Pr(𝐴 | 𝐵 𝑖 )

𝑖

Correspondingly for continuous distributions,
Pr(𝐴) =
FAM-S Study Manual
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∫

Pr(𝐴 | 𝑥) 𝑓 (𝑥)d𝑥

1.3. CONDITIONAL PROBABILITY AND EXPECTATION

9

Expected values can be factored through conditions too:
Conditional Mean Formula
E𝑋 [𝑋] = E𝑌 E𝑋 [𝑋 | 𝑌]



(1.3)



This formula is one of the double expectation formulas.3 More generally for any function 𝑔
E𝑋 [𝑔(𝑋)] = E𝑌 E𝑋 [𝑔(𝑋) | 𝑌]





Here are examples of this important theorem.
Example 1D
There are two types of actuarial students, bright and not-so-bright. For each exam, the probability
that a bright student passes it is 80%, and the probability that a not-so-bright student passes it is 40%. All students
start with Exam 1 and take the exams in sequence, and drop out as soon as they fail one exam. An equal number of
bright and not-so-bright students take Exam 1.
Determine the probability that a randomly selected student taking Exam 3 will pass.
■
Solution: A common wrong answer to this question is 0.5(0.8) + 0.5(0.4) = 0.6. This is an incorrect application of
the Law of Total Probability. The probability that a student taking Exam 3 is bright is more than 0.5, because of the
elimination of the earlier exams.
A correct way to calculate the probability is to first calculate the probability that a student is taking Exam 3 given
the two types of students. Let 𝐼1 be the event of being bright initially (before taking Exam 1) and 𝐼2 the event of not
being bright initially. Let 𝐸 be the event of taking Exam 3. Then by Bayes Theorem and the Law of Total Probability,
Pr(𝐸 | 𝐼1 ) Pr(𝐼1 )
Pr(𝐸)
Pr(𝐸) = Pr(𝐸 | 𝐼1 ) Pr(𝐼1 ) + Pr(𝐸 | 𝐼2 ) Pr(𝐼2 )

Pr(𝐼1 | 𝐸) =

Now, the probability that one takes Exam 3 if bright is the probability of passing the first two exams, or 0.82 = 0.64.
If not-so-bright, the probability is 0.42 = 0.16. So we have
Pr(𝐸) = 0.64(0.5) + 0.16(0.5) = 0.4
Pr(𝐼1 | 𝐸) =

(0.64)(0.5)
= 0.8
0.4

and Pr(𝐼2 | 𝐸) = 1 − 0.8 = 0.2 (or you could go through the above derivation with 𝐼2 instead of 𝐼1 ). Now we’re ready
to apply the Law of Total Probability to the conditional distributions given 𝐸 to answer the question. Let 𝑃 be the
event of passing Exam 3. Then
Pr(𝑃 | 𝐸) = Pr(𝑃 | 𝐼1 &𝐸) Pr(𝐼1 | 𝐸) + Pr(𝑃 | 𝐼2 &𝐸) Pr(𝐼2 | 𝐸)
= (0.8)(0.8) + (0.4)(0.2) = 0.72

□

Now let’s do a continuous example.
Claim sizes follow an exponential distribution with mean 𝜃. The parameter 𝜃 varies by insured.
Example 1E
Over all insureds, 𝜃 has a distribution with the following density function:
𝑓 (𝜃) =

1
𝜃2

1≤𝜃<∞

Calculate the probability that a claim from a randomly selected insured will be greater than 0.5.

3Conditional variance, formula (4.1), is the other one.
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Carrying out the substitution in Example 1E

We want to evaluate

∞

∫
1

Set 𝑢 = −0.5/𝜃. Then d𝑢 =

(0.5/𝜃2 )d𝜃,

𝑒 −0.5/𝜃



1
d𝜃
𝜃2



so the integrand is
𝑒

𝑢



1 𝜃2 d𝑢
= 2𝑒 𝑢 d𝑢
𝜃2 0.5



We must also change the bounds. When 𝜃 = 1, 𝑢 = −0.5/1 = −0.5, and when 𝜃 = ∞, 𝑢 = 0. The resulting integral
is
∫
0

2𝑒 𝑢 d𝑢 = 2𝑒 𝑢

−0.5

0

−0.5

= 2 − 2𝑒 −0.5

This is the same as in the text.
Once you are familiar with this procedure, you won’t have to carry out all of these steps. Whenever you see an
integrand comprising of the exponential of a function multiplied by the function’s derivative, you will know that
the antiderivative of that is just the exponential of the function.

Solution: The probability that a claim is greater than 0.5 given an insured with claim sizes having an exponential
distribution with mean 𝜃 is


1 − 𝐹(0.5 | 𝜃) = 1 − 1 − 𝑒 −0.5/𝜃 = 𝑒 −0.5/𝜃
By the Law of Total Probability, the probability of a claim greater than 0.5 from a randomly selected insured is
therefore
 
∫ ∞
1
Pr(𝑋 > 0.5) =
𝑒 −0.5/𝜃 2 d𝜃
𝜃
1
This integral is calculated using the substitution 𝑢 = −0.5/𝜃. If you need a refresher on how to carry out the
substitution, see the sidebar.

∫
1

∞

𝑒

−0.5/𝜃



1
d𝜃 = 2𝑒 −0.5/𝜃
𝜃2





=2 1−𝑒

∞
1
−0.5



= 2(1 − 0.606531) = 0.786939

Incidentally, the distribution of 𝜃 is a single-parameter Pareto distribution with parameters 𝜃 = 1 (a different 𝜃)
and 𝛼 = 1. Recognizing distributions is helpful, since then you can look up the moments in the table if you need
them, rather than calculating them.
□
The unconditional distribution of this example is a continuous mixture. Section 4.1 will discuss mixtures.

1.4

The empirical distribution

There are many continuous and discrete probability distributions in the tables you get at the exam. However, every
time you have a sample, you can create a probability distribution based on it.
Given a sample 𝑥 1 , . . . , 𝑥 𝑛 , the empirical distribution is the probability distribution assigning a probability of 𝑛1
to each item in the sample. It is a discrete distribution.
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Example 1F
Calculate:

11

You are given the sample 1, 1, 2, 3, 5.

1. The empirical mean.
2. The empirical variance.
3. The empirical skewness.
4. The empirical 80th percentile.
5. The empirical probability generating function.

■

Solution: The empirical distribution assigns a probability of 1/5 to each point, so we have
𝑥
Pr(𝑋 = 𝑥)

1
0.4

2
0.2

3
0.2

5
0.2

1. The mean is 0.4(1) + 0.2(2) + 0.2(3) + 0.2(5) = 2.4 .
2. The variance is

𝜎2 = 0.4(1 − 2.4)2 + 0.2(2 − 2.4)2 + 0.2(3 − 2.4)2 + 0.2(5 − 2.4)2 = 2.24

Alternatively, you could calculate the second raw moment and subtract the square of the mean:
𝜇′2 = 0.4(12 ) + 0.2(22 ) + 0.2(32 ) + 0.2(52 ) = 8
𝜎2 = 8 − 2.42 = 2.24.

3. The raw third moment is

𝜇′3 = 0.4(13 ) + 0.2(23 ) + 0.2(33 ) + 0.2(53 ) = 32.4

The coefficient of skewness is
𝛾1 =

32.4 − 3(8)(2.4) + 2(2.43 )
= 0.730196
2.243/2

4. Any number 𝑥 such that Pr(𝑋 < 𝑥) ≤ 0.8 and Pr(𝑋 ≤ 𝑥) ≥ 0.8 is an 80th percentile. This is true for 3 ≤ 𝑥 ≤ 5. In
fact, the graph of the distribution is horizontal between 3 and 5. So the set of 80th percentiles is {𝒙 : 3 ≤ 𝒙 ≤ 5} .
5.
𝑃(𝑧) = E[𝑧 𝑥 ] = 0.4𝑧 + 0.2𝑧 2 + 0.2𝑧 3 + 0.2𝑧 5
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Table 1.1: Summary of Probability Concepts

• Mode is 𝑥 which maximizes 𝑓 (𝑥).

Probability Functions
𝐹(𝑥) = Pr(𝑋 ≤ 𝑥)
𝑆(𝑥) = 1 − 𝐹(𝑥)

• 𝑀𝑋 (0) = E[𝑋 𝑛 ], where 𝑀 (𝑛) is the 𝑛 th derivative

𝑓 (𝑥) =

d𝐹(𝑥)
d𝑥
𝐻(𝑥) = − ln 𝑆(𝑥)

•

𝑓 (𝑥)
d𝐻(𝑥)
=
ℎ(𝑥) =
d𝑥
𝑆(𝑥)

• 𝑃𝑋 (1) is the 𝑛 th factorial moment of 𝑋.

(𝑛)

(𝑛)

𝑃𝑋 (0)
𝑛!

= Pr(𝑋 = 𝑛)

(𝑛)

• Bayes’ Theorem:

Functions of random variables

∫

Pr(𝐵 | 𝐴) Pr(𝐴)
Pr(𝐵)
𝑓𝑌 (𝑦 | 𝑥) 𝑓𝑋 (𝑥)
𝑓𝑋 (𝑥 | 𝑦) =
𝑓𝑌 (𝑦)

∞

Expected value

E[𝑔(𝑋)] =

𝑛 th raw moment

𝜇′𝑛 = E[𝑋 𝑛 ]

𝑛 th central moment

𝜇𝑛 = E[(𝑋 − 𝜇)𝑛 ]

Variance

𝜎2 = E[(𝑋 − 𝜇)2 ] = E[𝑋 2 ] − 𝜇2

Pr(𝐴 | 𝐵) =

𝑔(𝑥) 𝑓 (𝑥)d𝑥

−∞

Skewness

𝛾1 =

𝜇3
=
𝜎3

𝜇′3

−

3𝜇′2 𝜇
𝜎3

+

2𝜇3

𝜇′4 − 4𝜇′3 𝜇

+ 6𝜇′2 𝜇2 − 3𝜇4
𝜇4
=
𝜎4
𝜎4
• Standard deviation (𝜎) is positive square root of
variance

Kurtosis

𝛾2 =

• Coefficient of variation is 𝜎/𝜇.
•

100𝑝 th

percentile 𝜋 is any point satisfying
≤
𝑝 and 𝐹(𝜋) ≥ 𝑝. If 𝐹 is continuous, it is the unique
point satisfying 𝐹(𝜋) = 𝑝.
𝐹(𝜋− )

• Median is 50th percentile; 𝑛 th quartile is 25𝑛 th percentile.
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• Law of Total Probability:
If 𝐵 𝑖 is a set of exhaustive (in other words,
Pr(∪𝑖 𝐵 𝑖 ) = 1) and mutually exclusive (in other
words Pr(𝐵 𝑖 ∩ 𝐵 𝑗 ) = 0 for 𝑖 ≠ 𝑗) events, then for
any event 𝐴,
Pr(𝐴) =

Õ

Pr(𝐴 ∩ 𝐵 𝑖 ) =

𝑖

Õ

Pr(𝐵 𝑖 ) Pr(𝐴 | 𝐵 𝑖 )

𝑖

Correspondingly for continuous distributions,
Pr(𝐴) =

∫

Pr(𝐴 | 𝑥) 𝑓 (𝑥)d𝑥

• Conditional Expectation Formula:
E𝑋 [𝑋] = E𝑌 𝐸𝑋 [𝑋 | 𝑌]





(1.3)

Practice Exam 1
1.

For a health insurance coverage, there are two types of policyholders.
75% of policyholders are healthy. Annual claim costs for those policyholders have mean 2,000 and variance
10,000,000.
25% of policyholders are in bad health. Annual claim costs for those policyholders have mean 10,000 and variance
50,000,000.
Calculate the variance of annual claim costs for a policyholder selected at random.
(A) 20,000,000

2.

(C) 32,000,000

(D) 44,000,000

(E) 48,000,000

Bill Driver and Jane Motorist are involved in an automobile accident. Jane Motorist’s car is totally destroyed. Its
value before the accident was 8000, and the scrap metal after the accident is worth 500. Bill Driver is at fault.
Big Insurance Company insures Jane Motorist. Jane has liability insurance with a 100,000 limit and collision
insurance with a 1000 deductible.
Standard Insurance Company insures Bill Driver. Bill has liability insurance with a 50,000 limit and collision
insurance with a 500 deductible.
Jane files a claim with Big Insurance Company and receives 7000.
Calculate the net amount that Big Insurance Company receives (net of payment of subrogation proceeds to Jane)
from subrogation.
(A) 6000

3.

(B) 28,000,000

(B) 6500

(C) 7000

(D) 7500

(E) 8000

An excess of loss catastrophe reinsurance treaty covers the following layers, expressed in millions:
80% of 100 excess of 100
85% of 200 excess of 200
90% of 400 excess of 400
Calculate the reinsurance payment for a catastrophic loss of 650 million.
(A) 225 million
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(B) 475 million

(C) 495 million

551

(D) 553 million

(E) 585 million

Exam questions continue on the next page . . .
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4.

A rate filing for six-month policies will be effective starting October 1, CY6 for 2 years.
Losses for this rate filing were incurred in AY1 and the amount paid through 12/31/AY4 is 3,500,000.
Trend is at annual effective rate of 6.5%.
Loss development factors are:
3/2: 1.50,

4/3: 1.05,

∞/4: 1.05

Calculate trended and developed losses for AY1.
(A)
(B)
(C)
(D)
(E)
5.

Less than 5,600,000
At least 5,600,000, but less than 5,700,000
At least 5,700,000, but less than 5,800,000
At least 5,800,000, but less than 5,900,000
At least 5,900,000

You are given
Cumulative Payments
through Development Year
0
1
2
25,000 41,000
48,000
30,000 45,000
33,000

Accident
Year
AY1
AY2
AY3

Earned
Premium
120,000
140,000
150,000

The loss ratio is 60%.
Calculate the loss reserve using the loss ratio method.
(A) 100,000
6.

(B) 105,000

(C) 110,000

(D) 115,000

(E) 120,000

You are given the following observations:
2,

10,

28,

64,

100

The observations are fitted to an inverse exponential distribution using maximum likelihood.
Determine the resulting estimate of the mode.
(A) 3.2
7.

(B) 3.4

(C) 3.6

(D) 3.8

(E) 4.0

You own 100 shares of a stock whose current price is 42. You would like to hedge your downside exposure by
buying 100 6-month European put options with a strike price of 40. You are given:
(i) The Black-Scholes-Merton framework is assumed.
(ii) The continuously compounded risk-free interest rate is 5%.
(iii) The stock pays no dividends.
(iv) The stock follows a lognormal process with 𝜇 = 0.06 and 𝜎 = 0.22.
Determine the cost of the put options.
(A) 121
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(B) 123

(C) 125

(D) 127

(E) 129

Exam questions continue on the next page . . .
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At a company, the number of sick days taken by each employee in a year follows a Poisson distribution with
mean 𝜆. Over all employees, the distribution of 𝜆 has the following density function:
𝑓 (𝜆) =

𝜆𝑒 −𝜆/3
9

Calculate the probability that an employee selected at random will take more than 2 sick days in a year.
(A) 0.59
9.

(B) 0.62

(C) 0.66

(D) 0.70

(E) 0.74

For loss size 𝑋, you are given:
𝑥

E[𝑋 ∧ 𝑥]

1000
2000
3000
4000
5000
∞

400
700
900
1000
1100
2500

An insurance coverage has an ordinary deductible of 2000.
Calculate the loss elimination ratio after 100% inflation if the deductible is not changed.
(A) 0.08
10.

(B) 0.14

(C) 0.16

(D) 0.20

(E) 0.40

In a study on loss sizes on automobile liability coverage, you are given:
(i) 5 observations 𝑥1 , . . . , 𝑥 5 from a plan with no deductible and a policy limit of 10,000.
(ii) 5 observations at the limit from a plan with no deductible and a policy limit of 10,000.
(iii) 5 observations 𝑦1 , . . . , 𝑦5 from a plan with a deductible of 10,000 and no policy limit.
Which of the following is the likelihood function for this set of observations?
(A)
(B)
(C)
(D)
(E)

Î5

𝑓 (𝑥 𝑖 )

Î5

𝑖−1 𝑓 (𝑦 𝑖 )
 5 Î5
1 − 𝐹(10,000)
𝑖=1
 5 Î5
1 − 𝐹(10,000)
𝑖=1
𝑖=1

𝑓 (𝑥 𝑖 )

Î5

𝑓 (𝑦 𝑖 )

𝑓 (𝑥 𝑖 )

Î5

𝑓 (𝑦 𝑖 )

𝐹(10,000)

Î5

𝑖=1

𝑓 (𝑥 𝑖 )

Î5

𝑖=1
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 5 Î5

5

𝑖−1

𝑓 (𝑦 𝑖 )

1 − 𝐹(10,000)
𝐹(10,000)

𝑖−1

5

𝑖=1

𝑓 (𝑥 𝑖 )

1 − 𝐹(10,000)

Î5

5

𝑖−1

𝑓 (𝑦 𝑖 )

Exam questions continue on the next page . . .
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11.

A study on claim sizes produced the following results:
Claim size

Number

Deductible

Limit

500
1000
2000
5000
At limit

4
4
3
2
5

None
500
500
None
None

10,000
None
None
10,000
10,000

A single-parameter Pareto with 𝜃 = 400 is fitted to the data using maximum likelihood.
Determine the estimate of 𝛼.
(A) 0.43
12.

(B) 0.44

(C) 0.45

(D) 0.61

(E) 0.62

You are given:
Accident
Year
AY1
AY2
AY3
AY4
AY5

0
7,800
9,100
8,600
9,500
10,700

Incurred Losses
through Development Year
1
2
3
4
8,900
9,500 11,000 11,000
9,800 10,500 10,800
9,500 10,100
10,000

Earned
Premium
16,000
20,000
23,000
24,000
25,000

The expected loss ratio is 0.7.
Losses mature at the end of 3 years.
Calculate the IBNR reserve using the Bornhuetter-Ferguson method with volume-weighted average loss development factors.
(A) 7,100
13.

(C) 7,300

(D) 7,400

(E) 7,500

On an automobile liability coverage, annual claim counts follow a negative binomial distribution with mean 0.2
and variance 0.3. Claim sizes follow a two-parameter Pareto distribution with 𝛼 = 3 and 𝜃 = 10. Claim counts and
claim sizes are independent.
Calculate the variance of annual aggregate claim costs.
(A) 22.5

14.

(B) 7,200

(B) 25.0

(C) 27.5

(D) 32.5

(E) 35.0

A minor medical insurance coverage has the following provisions:
(i) Annual losses in excess of 10,000 are not covered by the insurance.
(ii) The policyholder pays the first 1,000 of annual losses.
(iii) The insurance company pays 60% of the excess of annual losses over 1,000, after taking into account the
limitation mentioned in (i).
Annual losses follow a two-parameter Pareto distribution with 𝛼 = 4 and 𝜃 = 8000.
Calculate expected annual payments for one policyholder under this insurance.
(A) 983
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(B) 1004

(C) 1025

(D) 1046

(E) 1067

Exam questions continue on the next page . . .
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15.

A company has 100 shares of ABC stock. The current price of ABC stock is 30. ABC stock pays no dividends.
The company would like to guarantee its ability to sell the stock at the end of six months for at least 28.
European call options on the same stock expiring in 6 months with exercise price 28 are available for 4.10.
The continuously compounded risk-free interest rate is 5%.
Determine the cost of the hedge.
(A) 73

16.

555

(B) 85

(C) 99

(D) 126

(E) 141

Let 𝑋 be the random variable with distribution function
𝐹𝑋 (𝑥) = 1 − 0.6𝑒 −𝑥/10 − 0.4𝑒 −𝑥/20
Calculate TVaR0.95 (𝑋).
(A) 59

17.

(B) 60

(C) 61

(D) 62

(E) 63

For a discrete probability distribution in the (𝑎, 𝑏, 0) class, you are given
(i)
(ii)

𝑝 2 = 0.0768
𝑝 3 = 𝑝4 = 0.08192

Determine 𝑝0 .
(A) 0.02
18.

(B) 0.03

(C) 0.04

(D) 0.05

(E) 0.06

Losses on an insurance coverage follow a distribution with density function
𝑓 (𝑥) =

3
(100 − 𝑥)2
1003

0 ≤ 𝑥 ≤ 100

Losses are subject to an ordinary deductible of 15.
Calculate the loss elimination ratio.
(A) 0.46
19.

(B) 0.48

(C) 0.50

(D) 0.52

(E) 0.54

A reinsurance company offers a stop-loss reinsurance contract that pays the excess of annual aggregate losses
over 3.
You are given:
(i) Loss counts follow a binomial distribution with 𝑚 = 3 and 𝑞 = 0.2.
(ii) Loss sizes have the following distribution:
Size

Probability

1
2
3
4

0.6
0.2
0.1
0.1

Calculate the expected annual payment under the stop-loss reinsurance contract.
(A) 0.09
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(B) 0.10

(C) 0.11

(D) 0.12

(E) 0.13

Exam questions continue on the next page . . .

PRACTICE EXAM 1

556

20.

Annual claim frequency follows a Poisson distribution. Loss sizes follow a Weibull distribution with 𝜏 = 0.5.
Full credibility for aggregate loss experience is granted if the probability that aggregate losses differ from expected
by less than 6% is 95%.
Determine the number of expected claims needed for full credibility.
(A) 6403

(B) 6755

(C) 7102

(D) 7470

Solutions to the above questions begin on page 627.
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(E) 7808
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